ABSTRACT: We investigate the effects of couplings between curvature and isocurvature perturbations before and around horizon-crossings during cosmological inflation. We consider a generalized two-field inflation model, in which the noncanonical kinetic term allows us arbitrary sound speeds of curvature and isocurvature perturbations. By using the fieldtheoretical perturbative analysis, we calculate the cross-spectrum between curvature and isocurvature perturbations and the corrections to curvature and isocurvature power spectra due to the presence of couplings between them. Our analysis confirms previous results that the cross-correlations are generated and amplified when perturbations cross the horizons. Moreover, we find the cross-correlation, which was previously shown to be first-order in slow-roll parameter, can be enhanced when the sound speed of isocurvature perturbation is much smaller than that of the curvature perturbation. This is because in this case the isocurvature perturbation exits its horizon much earlier than the curvature perturbation and acts as a nearly constant source on the curvature perturbation.
Introduction
It is believed that the large-scale structure in our universe grows up from the primordial quantum fluctuations during a period of cosmological inflation (see e.g. [2] for a review). The predictions of inflation have been supported by current observational data [1] .
The simplest model for inflation is based on the picture that a single scalar field rolls down its potential, making the universe inflate and also generating quantum fluctuations. However, various alternatives are investigated extensively, one of which is multi-field inflation models [3, 4, 5, 6, 7, 8, 9, 10, 11, 3, 12, 13, 15, 19, 20, 25, 26, 28, 16, 17, 18, 14, 21, 22, 27, 34] . The goal of the studies of multi-field models is two-fold. Firstly, many inflation models based on particle physics or string theory usually involve many scalar fields, which can also have non-canonical kinetic terms. Secondly, it has been clear that any detection of primordial non-gaussianity would rule out the simplest slow-roll single field inflation models 1 . On the other hand, multiple field models provide us more possibilities and have been discussed extensively [40, 53, 41, 42, 55] . Thus, it is natural and important to study multi-field inflation models in details.
However, in the context of multi-field models, except for a few specific models, even the predictions for the spectra of primordial perturbations are a non-trivial task. The main reason is that, there are couplings between adiabatic mode and entropy mode(s), even at linear level. A well-known result is that the curvature (or adiabatic) perturbation can evolve on super-horizon scales in multi-field inflation whereas it is conserved in single-field inflation. This is due to that the entropy (isocurvature) perturbation modes act as a source term in the evolution equation for the curvature perturbation. This phenomena was first emphasized in [14] . The production of adiabatic and entropy modes for two-field models with a generic potential was studied in [15] where a decomposition into instantaneous adiabatic/entropy modes was firstly introduced. Multi-field models with non-canonical kinetic terms have been investigated in the slow-rolling approximation
etc. The model (2.1) includes multi-field k-inflation and two-field DBI model as special cases. For example, in multi-DBI model the Lagrangian is P = − 1 f (φ I ) (2.2) This expression for determinant D is general. In this work, we focus on two-field case, thus the last two terms exactly vanish, leaving us effectively
J . In terms of (2.1), this is just
This form of scalar-field Lagrangian in (2.1) is the most general Lagrangian for two-field models and thus deserves detailed investigations. The goal of choosing such a general Lagrangian in this note is not only because recent investigations on non-Gaussianities in multi-field are based on some similar Lagrangian [31, 35, 40, 41, 42, 32, 33, 36, 37, 38, 39, 43, 44] , but also in order to see the effects on perturbations from the structure of the theory in a wider range 3 . As we will see, the non-canonical kinetic term supplies us two different speeds of sound for adiabatic and entropy modes which we denote as c a and c e respectively, which are essential for our following analysis.
Background Equations of Motion
In this work, we investigate scalar perturbations around a flat FRW background, the background spacetime metric takes the form where and in what follows we denote P , IJ ≡ ∂P ∂X IJ , P , IJ KL ≡ ∂ 2 P ∂X IJ ∂X KL etc. for short. In the above equations, all quantities are evaluated on the background. From the above two equations we can also get another convenient equatioṅ
The background equations of motion for the scalar fields are
where P ,I denotes derivative of P with respect to φ I : P ,I ≡ ∂P ∂φ I . In this work, we investigate cosmological perturbations during an exponential inflation period. Thus, from (2.5) it is convenient to define a slow-roll parameter for the expansion rate
In this note we do not go into details of solving the background equations of motion, but only assume that the structure of P (X, Y, φ I ) and thus the background dynamical equations permit such an exponential expansion period.
Linear Perturbations
In this work we focus on the linear perturbations. In multi-field models, it is convenient to work in spatially-flat gauge, where the metric (scalar sector) is unperturbed as in (2.3), and the perturbation of the system is encoded in the perturbations of the scalar fields, which we denote δφ I ≡ Q I for short.
In multi-field inflation models, it is convenient to decompose perturbations into instantaneous adiabatic and entropy perturbations [15, 21] . This decomposition was firstly introduced in [15] in the study of two-field inflation with a generic potential, and was extended in [12, 19, 20] in two-field models with non-canonical kinetic terms. This decomposition technique was also generalized to non-linear perturbations [16] in the context of covariant non-linear formalism [17, 18] .
The "adiabatic direction" corresponds to the direction of the "background inflaton velocity", for model described in this work, it is 8) whereσ is defined asσ
which is the generalization of the background inflaton velocity. Actuallyσ is essentially a short notation and has nothing to do with any concrete field. Note thatσ is related to the slow-roll parameter ǫ asσ 2 = 2H 2 ǫ.
In this work we focus on two-field case. We introduce the entropy basis e Thus the scalar-field perturbation Q I can be decomposed into instantaneous adiabatic/entropy modes as:
In spatially-flat gauge, the quadratic-order action for the perturbations of the model (2.1) can be calculated straightforwardly. After instantaneous adiabatic/entropy modes decomposition, up to total derivative terms, the second-order action for the scalar perturbations takes the form [31, 32, 35, 42 ]
with
where
(2.14)
In (2.13) we introduce 15) which are the propagation speeds of the adiabatic mode and entropy mode respectively. From (2.13), the kinetic term K mnQ mQn has been diagonalized, as a result of adiabatic/entropy decomposition.
For our purpose in this work, the different speeds of sound for adiabatic and entropy modes are essential for the investigation of cross-correlations. Actually in multi-field models, it is generic fact that c a = c e which was firstly point out apparently in [23, 24] in the investigation of brane inflation model. In multiple k-inflation with Lagrangian of the form P (X, φ I ), the adiabatic mode propagate with sound speed c s while entropy modes propagate with the speed of light [22, 40] . While subsequently in [31, 35] , it was shown that in multi-DBI models, the adiabatic mode and entropy modes propagate with the same speed of sound. Now it becomes clear that, in multi-field inflationary models, adiabatic mode and entropic modes in general propagate with different speeds of sound c a and c e , which depend on the structure of specific theory [31, 35] (see also [35, 32, 57, 58, 51, 40, 41] for extensive investigations on general multi-field models with different c a and c e ).
It is now convenient to introduce the canonically normalized variables
After straightforward but tedious calculations, the quadratic action forQ σ andQ s (after using conformal time η defined by dt = adη and up to total derivative terms) takes the form:
where 19) andR is the Ricci scalar of field space metric G IJ , D I is the covariant derivative associated to
Note that these various parameters are evaluated on the background. In general, the time-dependence of these various parameters are complicated. In this note, in order to proceed, we introduce several slow-varying parameters:
where a is the scale-factor. In canonical quantization procedure, the quantum fields are decomposed as
21)
The equations of motion for the mode functions u σ and u s can be get from varying (2.17):
These two equations form a closed system for the scalar perturbations.
Perturbative Analysis
As described in the Introduction, the idea in this paper is to treat the coupling between adiabatic and entropy modes as "two-point" interaction vertices, and to use field theoretical perturbative approaches to evaluate the cross-correlations.
Interaction Hamiltonian
The first line in (2.17) describes a decoupled two-field system, where the two decoupled modes can be quantized independently. While the second-line can be identified as the "two-point cross-interaction vertices":
where the dimensionless cross-coupling ξ is given in (2.18). In the operator formalism of quantization, interaction Hamiltonian is needed. The Hamiltonian density which is defined by H ≡ π a Q ′ a − L can be split into two parts:
where H 0 describes decoupled system while H c describes the cross interactions. From H 0 , the free-theory canonical momenta are (in interaction picture) are related with time-derivatives of the fields as
thus in the interaction picture, the cross-interaction vertices can be written in terms ofQ m andQ
SinceQ σ andQ s are the canonical variables for quantization, the corresponding mode functions in (2.21) satisfy the decoupled ("free-theory") equations of motion:
Up to the first-order in slow-varying parameters, the mode solutions with proper initial conditions are (See Appendix D for details)
with x ≡ −c a kη and y ≡ −c e kη, and
is the Hankel function of the first kind.
The "decoupled" two-point functions forQ σ andQ s are defined as
where the supercript " (0) " means in evaluating the above expressions the coupling between adiabatic and entropy modes are neglected, andG
where u σ , u s are given in (3.6), and * denotes complex conjugate.
In comoving gauge, the perturbation Q σ is directly related to the three-dimensional curvature of the constant time space-like hypersurfaces. This gives the gauge-invariant quantity referred to the well-known "comoving curvature perturbation":
whereσ is defined in (2.9). The entropy perturbation Q s is automatically gauge-invariant by construction. In practise, it is also convenient to introduce a renormalized "isocurvature perturbation" defined by
It is thus well-known result that the power spectra for curvature perturbation and isocurvature perturbation around their respective sound horizon-crossings are (up to the first-order in slow-varying parameters)
respectively, where the various parameters are defined in (2.20)
2ǫce are asymptotic values for the power spectra on superhorizon scales, and
In (3.12), quantities on the right-hand-side of the equations are evaluated at the time of adiabatic or entropy sound horizoncrossings, i.e. c a k/aH = 1 or c e k/aH = 1, respectively. In general since c a = c e , adiabatic and entropy modes cross their respective sound horizons at different times. For later convenience, we introduce x ≡ −c a kη and y ≡ −c e kη, and in (3.12), x * and y * are their respective values around sound horizon-crossings, up to the first-order in slow-roll parameters which read
where ǫ is the slow-roll parameter define in (2.7). In the above derivation, µ 2 s /H 2 and thus 3 − 2ν s are not supposed to be small. While in the following discussion, we assume that 3 − 2ν s is of order ∼ O(ǫ). Actually if the perturbation mode has an effective mass comparable to the Hubble scale H, its quantum fluctuations on wavelengths larger than the effective Compton wavelength would be suppressed, then the system can be described effectively by a single-field.
Cross-correlations
Now we are at the point to evaluate the cross-power spectrum. As has been stressed, the idea is treat the cross-coupling terms as interaction vertices. From (3.4), there are two types of two-point cross-interaction vertices, as depicted in fig.1 . In cosmological context, perturbative calculations of the correlation functions are based on the "in-in" formalism (see Appendix A for a brief review). The leading-order cross-correlation involves one cross-interaction vertex (see fig.1 ): whereG,F are defined in (3.8) . From now on, we take the massless limit (i.e. ν σ = ν s = 3 2 ) for the decoupled two-point Green's functionsG andF defined in (3.6)-(3.9) and also treat H etc. as constant in evaluating the cross-correlation and the corrections to adiabatic/entropy spectra. This is because not only that the exact Green's functions are rather difficult to deal with analytically, but also that the differences between using the massless Green's function and using the exact Green's functions for our calculations are higher-order in slow-roll parameters. More precisely, we thus treat ξ on the same footing as the other slow-varying parameters, and identifies terms such as ǫξ as higher-order quantities which can be neglected. At the end of our calculations, the time-dependence of various parameters such as H should be taken into account in order to get the correct tilts of the spectra.
The cross-power spectrum for Q σ and Q s can be defined as
From (3.15) and (3.6)-(3.9), after a straightforward calculation, C σs can be written in the form
with x ≡ −c a kη again and
is the ratio of sound speeds of entropy and adiabatic modes, and
Here we keep the η-dependence in the expression for Γ c explicitly. It is not only because that there are inflation models where the perturbation spectra evolves quickly even after horizon crossing and never reaches the asymptotic values on superhorizon scales (x → 0), but also allows us a more precise estimate of the spectra around the horizon crossing. It is also interesting to note that the cross-power spectrum depends explicitly on the ratio of the sound speeds for adiabatic and entropy modes λ = c e /c a . Especially, the factor Γ c depends only on the ratio λ, while not on c a or c e themselves. The dimensionless cross-power spectrum between R and S is given by
2 is asymptotic value for the dimensionless power spectrum for the comoving curvature perturbation on superhorizon scales as before.
(3.17)-(3.19) and (3.20) are one of the main results in this note. The key point is that, at leading-order the cross-power spectrum is of order ∼ ξ, however its amplitude is determined by the factor Γ c (x, λ). The dependence of Γ c on x and λ is depicted in fig.2 .
Two comments are in order: • From the left panel in fig.2 , when modes are deep inside the horizons, Γ c ≪ 1 and the cross-spectrum are indeed small. This confirms previous result that cross-correlations among different perturbation modes are always negligible when modes are deep in side their respective sound-horizons [25, 26, 27] , since there the system reduces to a collection of weakly-coupled oscillators. However, as firstly pointed out in [25] , as long as the modes get closed to the horizon(s), the couplings and thus cross-correlations among different modes become more and more important, and the cross-correlations are generated when modes cross their horizons. Our analysis also confirms this result.
As depicted in the left panel in fig.2 , when modes get closed to the horizon, Γ c starts to increase, and its amplitude is determined by λ = c e /c a , i.e. the ratio of the sound speeds of isocurvature and curvature perturbations.
• It is more interesting to note from the right panel in fig.2 that, the value of Γ c and thus the cross-correlation (around adiabatic sound horizon-crossing) can be enhanced by small λ, i.e for models with c e ≪ c a . This phenomenon can be understood intuitively. As we know, the smaller the sound speed is, the earlier the corresponding perturbation mode crosses its sound horizon. The small c e /c a ratio implies that the isocurvature perturbation exits its sound horizon much earlier before the curvature perturbation exits its sound horizon. Thus in the process when curvature perturbation gets closed to the adiabatic horizon, the isocurvature perturbation is already well outside its entropic horizon and behaves as a nearly constant (rather than highly oscillating) background, which acts as a nearly constant source on the curvature perturbation. More precisely, the smaller λ is, the longer that the isocurvature perturbation behaves as a source on the curvature perturbation, and the more significant this "accumulative" effect is. This fact causes the amplifications of both cross-spectrum between curvature and isocurvature modes and also the corrections to the spectra of curvature and isocurvature perturbations by small λ, as we will show in the following subsection.
Corrections to Spectra of Curvature and Isocurvature Perturbations
Now we would like to investigate the leading-order corrections to the power spectra of curvature and isocurvature perturbations, due to the presence of the cross-interactions. It is interesting to note that the leading-order corrections to P σ and P s from the cross-interaction vertices involve two cross-interaction vertices and thus are of ∼ ξ 2 , as depicted in fig.3 .
Figure 3: Diagrammatic representations of the leading-order corrections to Pσ and Ps. Recall that there are two types of cross-interaction vertices, and thus there are actually four different contributions, which we do not show here explicitly.
The leading-order correction to the adiabatic power spectrum can be denoted as
here a superscript " (2) " denotes that the contribution involves two cross-interaction vertices, and
. After a straightforward calculation, P (2) σ can be written in the following form P 
24) with
Similarly, the leading-order correction to entropy spectrum is defined as
and we have P 
28) with
The x, y and λ-dependence of Γ σ and Γ s are depicted in fig.4 and fig.5 . Several comments are in order: • The left figures in fig.4 and fig.5 show Γ σ or Γ s as functions of x or y respectively, for different values of λ. We take Γ σ as example. Since x ≡ −c a kη, it implies that for mode with fixed k, when deep in the sound horizon (x ≫ 1), corrections to the power spectrum from the cross-interactions are small. Again, this verifies previous argument that adiabatic and entropy perturbations can be treated as decoupled when they are deep inside the horizon, while when modes approach the horizon, i.e. x ≈ 1, the modification to the power spectrum starts to increase [25] . The conclusion is the same for Γ s .
• The most interesting point is that, as for the cross-correlation between adiabatic and entropy modes, the strength of the corrections to adiabatic/entropy spectra due to the presence of cross-couplings are also determined by the parameter λ ≡ c e /c a , i.e. the ratio of the sound speeds for entropy and adiabatic modes. It has been known that for c a = c e i.e. λ = 1, the cross-correlation and also the corrections to the "decoupled" spectra are proportional to the cross-coupling and thus are expected to be small [25, 26, 27] . However, from the right figures in fig.4 and fig.5 , this corrections can be enhanced by small λ, that is for models with c e ≪ c a . Especially, this enhancement is most significant for the adiabatic mode ( fig.4) . As explained before, when c e ≪ c a the entropy mode cross the horizon much earlier than the adiabatic mode, and thus act as a nearly constant (rather than highly oscillating) source on the evolution of adiabatic mode. Thus the smaller λ is, the longer that the entropy mode behaves as a source, and the more significant this accumulative effect is.
• Inversely, this enhancement is not significant for the entropy mode. Actually from the right panel in fig.5 , when λ > 1 i.e. c e > c a , the correction to the power spectrum of entropy mode is suppressed when λ goes large. Intuitively, this is because that, as is well-known, on super-horizon scales entropy modes can act as sources for the evolution of adiabatic mode, while inversely adiabatic mode can never act as a source for entropy modes. Thus, the larger λ is, the earlier the adiabatic mode exits its horizon, and the less it affects the evolution of entropy modes. As an extremal case, one can verify that Γ s → 0 when λ → ∞, which implies that in this case the entropy mode is not affected by adiabatic mode and evolves freely. Moreover from the right panel in fig.5 , when λ → 0, Γ s approaches a constant value rather than blowing up, since in this case the adiabatic mode which is highly oscillating affects the entropy mode with a nearly constant strength.
What we are eventually interested in are the spectra of the curvature and isocurvature perturbations, which are defined in (3.10) and (3.11). After using (3.12), the power spectrum for the curvature perturbation, including the leading-order corrections from the cross-interactions, and also including the corrections to both Green's function and Hubble parameter in first-order slow-roll parameters, takes the form
In deriving the above expression, (C.4) and (C.4) are used. Similarly, the power spectrum for isocurvature perturbation is 78)- (80) in [27] .
Deep Inside the Horizon
In [25] , an oscillating mechanism was introduced to study the cross-correlations between perturbations, where it was found that when deep inside the Hubble horizon different modes evolve independently and can be considered as good mass eigenstates, thus the cross-correlations are indeed small. Intuitively, when deep inside the horizon, the system become weakly-coupled oscillators in Minkowski background in which the couplings among them are assumed to be small (of order slow-roll parameters). In fact, as an explicit confirmation, one can show that
which is independent of x. Similarly, it can be verified that g σ,s (x, λ) approach constant values (independent of x) when x ≫ 1,
From (3.33) and (3.34), it is obvious that
thus we can conclude that when deep inside the horizon, the cross-correlation between curvature and isocurvature perturbation is always smaller than O(ξ), and the corrections to curvature/isocurvature perturbation due to this cross-interactions are always smaller than O(ξ 2 ). This confirms previous investigation that the couplings between adiabatic/entropy perturbations can be neglected when modes are sub-Hubble. However, as was firstly pointed out in [25] and was also analyzed in [26, 27] , the most important lesson we get is that, the cross-interactions between adiabatic and entropy modes at linear level 7 , which are negligible when modes are deep inside the horizons, are generated and amplified when modes cross their sound horizons. Our analysis in this work also confirms this fact.
Around Horizon-crossings
As has been stressed before, (3.20) , (3.30) and (3.32) are the general expressions for power spectra for curvature and isocurvature perturbations and their cross power. Thus in general (3.20) , (3.30) and (3.32) are needed to evaluate more precisely the amplitude of the powers and the spectral tilts around horizon crossing (x * ≃ 1 + ǫ a and y * ≃ 1 + ǫ e ). In this subsection, for our purpose to get a glance of the effects of the cross-correlations, we use superhorizon asymptotic limits of (3.20) , (3.30) and (3.32) to evaluate various quantities around horizon-crossing 8 . The cross-power spectrum around adiabatic horizon-crossing is approximately
where γ ≈ 0.5772 is the Euler-Mascheroni constant. The spectral index is
, (3.37)
. Note that in (3.36) and (3.37) all quantities are evaluated at the time of adiabatic sound horizon-crossing, i.e. c a k/aH = 1. From (3.36) it is explicit that up to first-order in the cross-interaction coupling ξ, the cross-power spectrum is ∼ C(λ)ξ, it can be enhanced by small λ due to the factor C(λ), which scales as 1/λ 2 for small λ. Note that for λ = 1 i.e. for c a = c e , C(λ) reduces to the familiar value C(1) = 2 − ln 2 − γ ≈ 0.7296. Thus our calculations can be viewed as generalization of previous results in [26, 27] .
Similarly, power spectra for the curvature and isocurvature perturbations around their respective horizon-crossings are
where a σ,s (λ) are functions of λ only. In getting (3.38), we have neglected all terms proportional to (such as) ǫξ 2 etc., i.e.
we only keep the leading-order contributions from ξ 2 . For general λ, it is difficult to abstract analytical expressions for a σ,s (λ). Their numerical results are depicted in fig.6 , Form which it is explicit that the corrections to both curvature and isocurvature power spectra can be enhanced by small λ. In practice, it is convenient to introduce a dimensionless correlation angle ∆ to characterize the strength of the crosscorrelation:
From (3.20), (3.30) and (3.32), and using the fact that around the adiabatic sound horizon-crossingP R /P S ≈ λ, we get the correlation angle around adiabatic sound horizon-crossing
In getting (3.40) we take the approximation under the assumption that the power spectra of curvature/isocurvature perturbations are still dominated by their "decoupled" values P (0)
R and P
S , i.e we assume that the corrections to the spectra would not exceed their respective decoupled values (they are indeed corrections). A more precise evaluation can be done by using (3.36) and (3.38) and the corresponding correlation angle around adiabatic horizon-crossing is depicted in fig.7 . It immediately follows that, for λ = 1 (the case for canonical kinetic terms or multi-DBI case with c a = c e = c s ) or larger (a concrete example is the case for multi-field k-inflation [22, 40] , where c a = c s ≪ 1 and c e = 1), the correlation angle is small and the cross-correlation between curvature and isocurvature perturbations are suppressed. However, as has been stressed before, for models with c e < c a or even c e ≪ c a , the cross-correlations will be highly enhanced by small λ. Thus, for models with ξ much larger than the slow-roll parameters which are of order 10 −2 or with c e ≪ c a , the curvature and isocurvature perturbations are highly correlated when exiting the adiabatic sound horizon. In this case, the "decoupled" power spectra P
S are not good approximations, and the cross-correlations between curvature and isocurvature perturbations much be taken into account.
Conclusion and Discussion
In this paper we investigate the effects of cross-interactions between curvature perturbation and isocurvature perturbations on cross-power spectrum and the power spectra of curvature/isocurvature perturbations themselves, before and around horizon crossing. Previous investigations of the cross-correlations are based on diagonalizting the coupled equations of motion [25, 26, 27] . However, one can verify that, for models with different adiabatic/entropy speeds of sound, the "diagonalization" cannot be done easily and thus the treatments in [25, 26, 27 ] cannot be viewed as good approximation in this case. Thus, in this work, the cross-couplings are taken as two-point interaction vertices, and a field-theoretical perturbative approach is taken to evaluate the cross-power spectrum etc 10 .
The main results in this work are summarized in (3.20) , (3.30) and (3.32) . Our analysis confirms previous conclusion that the cross-correlations, which can be safely neglected when modes are deep inside the horizons, are generated when modes cross their sound horizons [25] . Moreover, the most interesting phenomenon get in this work is that the cross-correlation (and also the corrections to power spectra of curvature/isocurvature perturbations) can be enhanced by small c e /c a ratio, where c a and c e are the sound speeds of curvature and isocurvature perturbations respectively. As has been stressed before, this happens since in models with c e /c a ≪ 1, in the process curvature perturbation getting closed to the adiabatic horizon, the isocurvature perturbation is already well outside its entropic horizon and behaves as a nearly constant (rather than highly oscillating) background, which acts as a nearly constant source on the curvature perturbation. This fact causes the amplifications of both cross-spectrum between curvature and isocurvature modes and also the corrections to the spectra of curvature and isocurvature perturbations.
To end this note, we would like to comment some limitations and also possible extensions of the investigation in this note:
• The approach in evaluating the cross-correlation and the corrections to (decoupled) power spectra of curvature and isocurvature perturbation is perturbative. The coupling ξ is assumed to be small. This is indeed the case for canonical kinetic terms, but in models (e.g.) considered in this note, ξ may be not small enough for the perturbative approach to be valid.
• In general the cross-couplings between adiabatic and entropy modes are complicated. In this note we make the assumption that the cross-coupling ξ in (3.2) is slow-varying in time. This is a simplification for abstracting the basic properties of the cross-correlations, but definitely a more detailed analysis of the cross-interactions is needed.
• Moreover, in this note we only focus on the cross-correlations around the horizon-crossing. In order to get the resulting primordial power spectra on large scales, and to compare the predictions of a multi-inflation model with observations, one must then solve the coupled system described by the full equations of motion. In some particular case and within the slow-roll approximation, one can arrive at an analytical expression for the spectra on large scales, e.g. through the "transfer matrix" method [5] . In general, however, a numerical approach is needed.
• As has been stressed before, (3.20) , (3.30) and (3.32) are the general expressions for power spectra for curvature and isocurvature perturbations and their cross power. In general, in multi-field models it may not be permitted to use the later time (superhorizon limit) asymptotic expressions to evaluate the powers around horizon-crossing, since there may be inflation scenarios where the perturbation evolve quickly after horizon crossing and never reach the asymptotic values. Thus in general (3.20) , (3.30) and (3.32) are needed to evaluate more precisely the amplitude of the powers and also the spectral indices around horizon-crossings ( cak aH = 1 and cek aH = 1 respectively).
• One possible application of the formalism and result in this work is that, as firstly pointed out in [30] , one should expect the "transfer" of non-Gaussianities from entropy perturbations to the adiabatic perturbation (see fig.8 ), if the cross-correlations between adiabatic mode and entropy modes are larger than ∼ O(ǫ) and thus cannot be neglected. Especially, there are inflation scenarios in which the non-linearities in adiabatic mode itself are small, however the possible large non-Gaussianities in entropy modes could transfer to the non-Gaussianities in adiabatic mode through the cross-interactions. This would bring new features to non-Gaussianities such as new shapes of momenta configurations [30, 61] .
Here, conditions are imposed on the fields at both very early and very late times. This can be done because that in Minkowski spacetime, states are assumed to be non-interacting at far past and at far future, and thus are usually taken to be the free vacuum, i.e., the vacuum of the free Hamiltonian H 0 . The free vacuum are assumed to be in "one-toone" correspondence with the true vacuum of the whole interacting theory, as we adiabatically turn on and turn off the interactions between t = −∞ and t = +∞. While the physical situation we are considering here is quite different. Instead of specifying the asymptotic conditions both in the far past and far future, we develop a given state forward in time from a specified initial time, which can be chosen as the beginning of inflation. In the cosmological context, the initial state is usually chosen as free vacuum, such as Bunch-Davis vacuum, since at very early times when perturbation modes are deep inside the Hubble horizon, according to the equivalence principle, the interaction-picture fields should have the same form as in Minkowski spacetime.
The Hamiltonian can be split into a free part and an interacting part: H = H 0 + H i . The time-evolution operator in the interacting picture is well-known
where subscript "I" denotes interaction-picture quantities, T is the time-ordering operator. Our present goal is to relate the interacting vacuum at arbitrary time |Ω I (t) to the free vacuum |0 I (e.g., Bunch-Davis vacuum). The trick is standard. First we may expand |Ω I (η) in terms of eigenstates of free Hamiltonian H 0 , |Ω I (η) = n |n I n I |Ω I (η) , then we evolve |Ω I (η) by using (A.1) again. This time-contour forms a closed-time path, so "in-in" formalism is sometimes called "closed-time path" (CTP) formalism. The starting point of perturbation theory is the free theory two-point correlation functions. In canonical quantization procedure, we write a scalar field as φ k (η) = u(k, η)a k + u * (k, η)a † −k , (A.7)
where u(k, η) is the mode function for φ k (η) (in practice, u k (η) and u * k (η) are two linear-independent solutions of equation of motion for φ k (η), which are Wroskian normalized and satisfy some initial or asymptotic conditions ).
The free two-point function takes the form 0 |φ k1 (η 1 )φ k2 (η 2 )| 0 ≡ (2π) 3 δ 3 (k 1 + k 2 )G k1 (η 1 , η 2 ) , (A.8)
In this work, we take (A.8) and (A.9) as the starting point. Now Taylor expansion of (A.5) gives
• 0th-order Ô (η) 
B. Mathematics
In this work, we frequently account exponential/sine/cosine-integral functions, their definitions are Ei(z) = − In evaluating various integrals, the following properties are frequently used:
• For x > 0,
where Ci(x) and Si(x) take real values.
• Ei(−i∞) = −iπ, Ei(+i∞) = iπ, Ci(+∞) = 0, Ci(−∞) = iπ and Si(±∞) = ± π 2 .
• When x → +∞ Ei(−ix) + iπ = e −ix
